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§ 6 2 15. Let I be an interval. Prove that if fis differentiable on I and if the derivative f is bounded on 7,
then f satisfies a Lipschitz condition on /. (See Definition 5.4.4.)
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18. Let!:=[a,b]andletf : I — R be differentiable at ¢ € I. Show that for every ¢ > 0 there exists
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20. Suppose that f : [0, 2] — R is continuous on [0, 2] and differentiable on (0, 2), and that
f0)=0,f(1)=1,f(2) =

(a) Show that there exists ¢; € (0, 1) such that f'(¢;) = 1
(b) Show that there exists ¢2 € (1,2) such that f'(¢;) = 0.
(c) Show that there exists ¢ € (0,2) such that f'(¢) = 1/3.
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56 3. Let f(x) := x?sin(1/x) for 0 < x < 1 and £(0) := 0, and let g(x) := x? for x € [0, 1]. Then
3 both f and g are differentiable on [0,1] and g(x) > O for x # 0. Show that lim f(x) =0 =
lil’l’(l) g(x) and that lil’l’(l) f(x)/g(x) does not exist. 0
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5. Let f(x) := x? sin(l/x) for x # 0, let £(0) := 0, and let g(x) := sinx for x € R. Show that
e lin(l) f(x)/g(x) = 0 but that lin(l) f'(x)/g'(x) does not exist.
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